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Porous mediumAbstract In this work, the unidirectional ﬂow of an incompressible electrically conducting third-
grade ﬂuid past a vertical transpiration wall through a porous medium with time-dependent peri-
odic motion is presented. The nonlinear partial differential equations are transformed to ordinary
differential equation by means of symmetry reductions. The reduced equation is then solved ana-
lytically for steady-state and time-dependent transient parts. The time series of the transient ﬂow
velocity for different pertinent parameters are examined through plots. During the course of com-
putation, it was observed that the time-dependent transient and steady-state solutions agree very
well at large value of time when the ratio is related to ﬂuid parameters cc > 1.
ª 2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The problems for time-dependent ﬂow over ﬂat walls with
impulsive and periodic motions, starting with arbitrary proﬁle,
are found increased substantially during the last few years due
to its several industrial applications. For a ﬂat wall, this prob-
lem is related to the motion induced by impulsive or an oscil-
lating semi-inﬁnite space when the wall presents harmonic
oscillations in the longitudinal direction. Interesting issues
arises when taking into consideration magnetohydrodynamicﬂow through a porous medium. Several researchers have ana-
lyzed this for a variety of ﬂuids in various forms. Hayat el al.
[1] investigate the time-dependent magnetohydrodynamic ﬂow
of an incompressible Sisko ﬂuid over a porous wall. The ﬂow is
due to the sudden motion of the wall plane boundary. They
obtained results by invoking a symmetry approach and numer-
ical techniques. Sharma and Khan [2] have investigated the
magnetohydrodynamic ﬂow of a viscous ﬂuid through a por-
ous medium induced by torsionally oscillating disk and pre-
sented approximate solutions of the ﬂow characteristics.
Ahmad and Asghar [3] gave an exact solution for magnetohy-
drodynamic boundary layer ﬂow of a second grade ﬂuid over a
permeable stretching surface with arbitrary velocity and
appropriate wall transpiration. Ali et al. [4] analyzed the prob-
lem of unsteady electrically conducting second grade ﬂuid
1234 M. Abdulhameed et al.passing through a porous space and established an exact solu-
tions for the transient ﬂow due to oscillating wall boundary
using Laplace transform method. Abdulhameed et al. [5] stud-
ied the unsteady magnetohydrodynamic ﬂow of incompress-
ible viscous ﬂuid over ﬂat plates with impulsive and
oscillating motions, and with wall transpiration through a por-
ous medium. They obtained results by applying an extension
of the variable separation technique combined with similarity
arguments.
Among important studies on third grade ﬂuid model: Aziz
and Aziz [6] examined the analytical solutions for unsteady
magnetohydrodynamic ﬂow of a third grade ﬂuid past a por-
ous plate within a porous medium due to an arbitrary wall
with suction/injection velocity. They obtained results by apply-
ing a Lie symmetry and numerical methods. Aziz el al. [7] have
presented Group invariant solutions for unsteady magnetohy-
drodynamic ﬂow of a third grade ﬂuid in porous medium due
to the arbitrary velocity of non-porous plate. Other important
studies related to the second-grade and third-grade ﬂuids are
[8–12].
In the studies mentioned above, the time-dependent ﬂow of
an incompressible third-grade ﬂuid generated by an oscillating
wall with transpiration in the presence of permeability of the
medium under the inﬂuence of uniform magnetic ﬁeld has
not been discussed. Therefore, the aim of the present study is
to analyze the effect of oscillating frequency, transpiration
parameter, material parameters, uniform magnetic ﬁeld, and
porosity parameter on the ﬂow ﬁelds in transient and steady-
state ﬂow of a third grade ﬂuid past an inﬁnite vertical transpi-
ration wall through a porous medium in the presence of a uni-
form transverse magnetic ﬁeld. To achieve this, we make use of
symmetry reduction method. With this method, the governing
nonlinear partial differential equation is reduced to a nonlinear
ordinary differential equation, which further solved analyti-
cally for time-dependent transient and steady-state solutions.
2. Mathematical formulation
Consider the unsteady ﬂow of a third-grade ﬂuid occupying a
porous half-space and bounded by an inﬁnite plane wall situ-
ated in the ðx; yÞ-plane system of Cartesian coordinate.
Fig. 1 shows the physical conﬁguration. Initially, both theFigure 1 The physicalplane wall and the ﬂuid are at rest. At time t > 0 the wall
moves in x-direction with velocity vwðtÞ. A constant magnetic
ﬁeld B0 is applied in the y-direction and there is no external
electric ﬁeld. The induced magnetic ﬁeld is neglected under
the assumption of small magnetic Reynolds number.
Furthermore, symmetric nature of the ﬂow is taken into
account and pressure gradient is neglected.
The set of governing equations of an incompressible con-
ducting third-grade ﬂuid on porous wall embedded in a porous
medium
divðvÞ ¼ 0; ð1Þ
and the momentum equation
q
dv
dt
¼ divTþ R rB20v; ð2Þ
where v is the velocity vector, q is the ﬂuid density, d
dt
is the
material time derivative, T is the Cauchy stress tensor, R is
the Darcy’s resistance due to porous medium and r is the elec-
trical conductivity. The Cauchy stress tensor for a third-grade
ﬂuid is
T ¼ pIþ lA1 þ a1A2 þ a2A21 þ b3ðtrA21ÞA1; ð3Þ
where I is the identity tensor, p is the pressure, l is the dynamic
viscosity, a1; a2; b3 are the material constants and
Ai ði ¼ 1; 2; 3Þ are the Revlin–Ericksen tensors which are
deﬁned by
A1 ¼ Lþ LT;
An ¼ d
dt
An1 þ An1Lþ LTAn1; n > 1; ð4Þ
where L ¼ $v:
According to Davidson [13] the magnetic Reynolds number
is considered very small. It follows that the induced magnetic
ﬁeld produced by the ﬂuid motion is negligible, the magnetic
body force, J B, becomes rðv B0Þ  B0 when imposed
and induced electric ﬁelds are negligible and only the magnetic
ﬁeld, B0, contributes to the current J ¼ rðv B0Þ.
The Lorentz force on the right hand side of Eq. (2) becomes
J B ¼ rB20v: ð5Þ
where r is the electrical conductivity.model conﬁguration.
The unsteady ﬂow of a third-grade ﬂuid 1235The constitutive relationship between the pressure drop and
the velocity for the unidirectional ﬂow of a third grade ﬂuid is
@p
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¼ rx ¼ /
k
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 2" #
u ¼ 0: ð6Þ
where k is the permeability of the porous medium and / is the
porosity of the porous medium. Using Eqs. (3)–(6) in Eq. (2),
we obtain the governing equation for time-dependent transient
ﬂow:
m
@2u
@y2
þ a @
3u
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 Vw @
3u
@y3
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þ 3b @u
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u rB20u ¼ 0: ð7Þ
where a ¼ a1q ; b ¼ 2b3q are the material constants related to third
grade ﬂuid
The initial and boundary conditions are
uðy; 0Þ ¼ hðyÞ; y > 0; ð8Þ
vwðtÞ ¼ uð0; tÞ ¼ V0 expðixtÞ; ð9Þ
uðy; tÞ ! 0 as y!1; t > 0; ð10Þ
where V0 is the amplitude of wall oscillations, hðyÞ is an arbi-
trary function, x > 0 is the frequency of the wall velocity and i
is the imaginary unit. Using the wall velocity vwðtÞ given by Eq.
(9) the cosine and sine oscillation can be obtained by taking the
real and imaginary parts of the velocity ﬁeld uðy; tÞ.
Introducing the quantities
y ¼ V0
m
y; u ¼ u
V0
; t ¼ V
2
0
m
t; x ¼ xm
V20
; n ¼ Vw
V0
;
b ¼ bV
4
0
m3
; a ¼ a V0
m
 2
; / ¼ /m
2
kV20
; M2 ¼ rB
2
0m
qV20
: ð11Þ
After dropping the  notation, we obtain the non-
dimensional initial-boundary values problem
@2u
@y2
þ a @
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@y2@t
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@y3
 
þ 3b @u
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M2u ¼ 0: ð12Þ
subject to
uðy; 0Þ ¼ hðyÞ; y > 0; ð13Þ
vwðtÞ ¼ uð0; tÞ ¼ expðixtÞ; ð14Þ
uðy; tÞ ! 0 as y!1; t > 0: ð15Þ3. Solution technique
We rewrite Eq. (12) as
m
@2u
@y2
þ a @
3u
@y2@t
 an @
3u
@y3
þ c @u
@y
 2
@2u
@y2
 cu
@u
@y
 2
þ n @u
@y
@u
@t
 / M2
 
u ¼ 0; ð16Þ
wherem ¼ 1ð1þ a/Þ ; a ¼
a
ð1þ a/Þ ; c ¼
3b
ð1þ a/Þ ;
c ¼
b/
ð1þ a/Þ ; / ¼
/
ð1þ a/Þ ; M
2
 ¼
M2
ð1þ a/Þ : ð17Þ
Eq. (16) admits the basic symmetries X1 ¼ @@t (time transla-
tion) and X2 ¼ @@y (space translation). We consider an interest-
ing type of the invariant solution using the operator X1  cX2,
which represents wave-front type travelling wave solutions
with constant wave speed c ðc > 0Þ.
Suppose the invariant solution is of the form
uðy; tÞ ¼ fðxÞ; where x ¼ yþ ct: ð18Þ
Substituting Eq. (18) into Eq. (16), we deduce to a third-
order ordinary differential equation for fðxÞ along certain
curves in the y t plane.
m
d2f
@x2
þ a c d
3f
dx3
 n d
3f
dx3
 
þ c df
dx
 2
d2f
dx2
 cf
df
dx
 2
þ n df
dx
 c df
dx
 ð/ þM2Þf ¼ 0: ð19Þ
These curves are called the characteristic curves.
3.1. Start-up phase solution
A start-up phase solution is the time-dependent solution that
described the ﬂuid behavior for times closed to t ¼ 0.
To solve Eq. (19) for fðxÞ, we assume a solution of the form
fðxÞ ¼ A expðixtþ BxÞ: ð20Þ
where A;B are constants. Substituting Eq. (20) into Eq. (19)
we obtain
mB
2 þ a½c nB3 þ ½cA2B4  cA2B2e2ðixtþBxÞ þ ½n cB
 ½/ þM2 ¼ 0: ð21Þ
Equating the exponent of e0 and e2ðixtþBxÞ we obtain
e0 : mB
2 þ a½c nB3 þ ½n cB ½/ þM2 ¼ 0; ð22Þ
e2Bx : cA2B4  cA2B2 ¼ 0: ð23Þ
from Eq. (23), we obtain the value of B as
B ¼ 
ﬃﬃﬃﬃ
c
c
r
: ð24Þ
Using the value of B in Eq. (22), we obtain
m
c
c
 
 a½c n cc
 3
2
 ½n c c
c
 1
2
 ð/ þM2Þ ¼ 0:
ð25Þ
Suppose the condition (25) holds, the exact solution for fðxÞ
can be written as
fðxÞ ¼ A exp ixt
ﬃﬃﬃﬃ
c
c
r
x
 
: ð26Þ
Hence, the exact solution for uðy; tÞ which satisfy the condition
(25) is
uðy; tÞ ¼ A exp ixt
ﬃﬃﬃﬃ
c
c
r
ðyþ ctÞ
 
: ð27Þ
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toward the wall in the y-direction given by the following
equation
c ¼
m
c
c
	 

 ð/ þM2Þ þ an cc
	 
3
2  n cc
	 
1
2
a
c
c
	 
3
2  cc
	 
1
2
: ð28Þ
Thus the required solution of Eq. (16) is as follows
uðy; tÞ ¼ exp ixt
ﬃﬃﬃﬃ
c
c
r
ðyþ ctÞ
 
: ð29Þ3.2. Impulsive start
The impulsive start is the physical situation where the wall pre-
sents no oscillatory motion. In this case, the wall just moves
with an arbitrary constant longitudinal velocity. This situation
can also be seen as a special case of Eqs. (12)–(15) when x ¼ 0,
so that we have u ¼ VðtÞ. Rewriting this equation in dimen-
sional form we have
uðy; tÞ ¼ exp 
ﬃﬃﬃﬃ
c
c
r
ðyþ ctÞ
 
; ð30Þ
where c is given by Eq. (28).
Note that an exact solution of the above problems with no
oscillation ðx ¼ 0Þ has been already obtained by Aziz and Aziz
[6] via subgroup generated by X3, and is given by
uðy; tÞ ¼ exp 
ﬃﬃﬃﬃ
c
c
r
W0 þ / þM2
 
tþ
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c
c
r
y
  
: ð31Þ
whereW0 ¼ n and X3 is the operator of the third prolongation
of the operator X.
3.3. Steady-state solution
The steady-state solution is the long times solution that
described the ﬂuid behavior for large value times t!1.
The solution corresponding to X1 would be the steady-state
solution. The invariant solution corresponding to operator X1
is
u ¼ g; ðg ¼ gðyÞÞ: ð32Þ
Substituting Eq. (32) into Eq. (16), we obtain
m
d2g
dy2
and
3g
dy3
þc dg
dy
 2
d2g
dy2
cg
dg
dy
 2
þndg
dy
ð/M2Þg¼0;
ð33Þ
the transform boundary conditions subject is
gð0Þ ¼ k0;
gðyÞ ¼ 0 as y!1: ð34Þ
where k0 represents constant wall velocity.
To solve Eq. (33) subject to the condition (34), we apply a
modiﬁed version of He’s homotopy perturbation method with
better choice of auxiliary linear operator.
3.4. Modiﬁed He’s homotopy perturbation method
Consider the following differential equation:
FðuðyÞÞ ¼ pðyÞ; yP 0: ð35Þwhere FðuðyÞÞ is any differential operator and pðyÞ is a source
term. Usually the operator FðuðyÞÞ can be decomposed into
two parts, a linear operator L and a nonlinear operator N,
and expressed as
LðuðyÞÞ þNðuðyÞÞ ¼ pðyÞ ð36Þ
We construct a homotopy as follows:
Lðuðy; tÞÞ þ qNðuðy; tÞÞ ¼ pðyÞ; ð37Þ
Considering the linear operator L in Eq. (36), the concept
of the homotopy perturbation method with embedding param-
eter q is used to generate a series expansion for L as follows:
uðyÞ ¼
X1
i¼0
qivi;
LðuðyÞÞ ¼ L
X1
i¼0
qivi
 !
; ð38Þ
and for the nonlinear operator N in Eq. (36), following the
concept of He’s polynomial, Hn, as follows:
NðuðyÞÞ ¼
X1
n¼0
qnHn: ð39Þ
where the He’s polynomial Hn, Ghorbani [14] is expressed
as
Hn ¼ 1
n!
dn
dqn
N
Xn
i¼0
qiui
 !
q¼0
: ð40Þ
Substituting Eqs. (38) and (39) into Eq. (36) we obtain
L
X1
i¼0
qivi
 !
þ
X1
i¼0
qiþ1Hi ¼ pðyÞ: ð41Þ
The ﬁrst few components of He’s polynomials, for example
are given by
H0ðuÞ ¼ Nðu0Þ;
H1ðuÞ ¼ d
dq
N
X1
i¼0
qiui
 !
p¼0
;
H2ðuÞ ¼ 1
2!
d2
dq2
N
X2
i¼0
qiui
 !
q¼0
;
H3ðuÞ ¼ 1
3!
d3
dq3
N
X3
i¼0
qiui
 !
q¼0
; ð42Þ
However, Eq. (41) can be rewritten in the form:
X1
i¼0
qiLðviÞ þ
X1
i¼0
qiþ1Hi ¼ p; ð43Þ
Using Eq. (43) we introduce the recursive relation:
Lðv0Þ ¼ p; ð44Þ
such that
X1
i¼1
qiLðviÞ þ
X1
i¼0
qiþ1Hi ¼ 0: ð45Þ
The recursive equation deduced from Eq. (45) can be
rewritten as:
Figure 3 Time series of the ﬂow velocity with different values
M ¼ 1; m ¼ 0:5; a ¼ 0:5 are ﬁxed (a) cosine oscillation and (b) sine
Figure 2 Comparison of velocity proﬁles with related published
papers for the transient proﬁles with no oscillation ðx ¼ 0Þ when
c ¼ 2:5; c ¼ 1:5;M ¼ 1 / ¼ 0:5;n¼ 0:5; t¼ 1;m ¼ 0:5;a ¼ 0:5 are
ﬁxed.
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q1 : Lðv1Þ þH0 ¼ 0;
q2 : Lðv2Þ þH1 ¼ 0;
q3 : Lðv3Þ þH2 ¼ 0;
..
.
qk : LðvkÞ þHk1 ¼ 0: ð46Þ
Therefore the series solution follows immediately after
using the ﬁrst part of Eq. (38) with embedding parameter
q ¼ 1.
uðyÞ ¼
X1
i¼0
vi: ð47Þ
To study the convergence of the method let us state the fol-
lowing Theorem.
Theorem 1. Let the solution components v0; v1; v2 . . . be deﬁned
as given in Eq. (47). The series solution uðyÞ ¼Pmk¼0vkðyÞ
deﬁned in Eq. (47) converges if 90 < d < 1 such that
kvkþ1k 6 dkvkk8kP k0 for some k0 2 N.of transpiration parameter nwhen c ¼ 1; c ¼ 1; y ¼ 0;/ ¼ 0:5;
oscillation.
1238 M. Abdulhameed et al.Proof. Deﬁne the sequence fSng1n¼0 as follows
S0 ¼ v0;
S1 ¼ v0 þ v1;
S2 ¼ v0 þ v1 þ v2;
. . .
Sn ¼ v0 þ v1 þ v2 þ    þ vn: ð48Þ
We need to show that fSng1n¼0 is a Cauchy sequence in the
Hilbert space E.
Consider
kSnþ1  Snk ¼ kvnþ1k 6 dkvnk 6 d2kvn1k    6 dnk0þ1kvk0k:
ð49Þ
Now for every n;m 2 N; nP m > k0
kSnSmk¼kðSnSn1ÞþðSn1Sn2Þþ  þðSmþ1SmÞk;
ð50Þ(a)
(b)
Figure 4 Time series of the ﬂow velocity with different values of
the magnetic ﬁeld parameter M when c ¼ 1:5, c ¼ 1; y ¼ 0;
/ ¼ 0:5; n ¼ 1; m ¼ 0:5; a ¼ 0:5 are ﬁxed at (a) cosine oscillation
and (b) sine oscillation.Using Triangle inequality
6 kSn  Sn1k þ kSn1  Sn2k þ . . . þ kSmþ1  Smk
6 dnk0kvk0k þ dnk01kvk0k þ . . . þ dnk0þ1kvk0k
¼ 1 d
nm
1 d
 
dmk0þ1kvk0k: ð51Þ
This implies limn;m!1kSn  Smk ¼ 0 (since 0 < d < 1).
Therefore, Snf g1n¼0 is a Cauchy sequence in the Hilbert space
E and hence the series solution uðy;tÞ¼P1k¼1vjðy; tÞ converges.
Apply the recurrence relation (45) in Eq. (33) subject to
condition (34), we obtain
d2g0
dy2
þ dg0
dy
¼ 0
g0ð0Þ ¼ k0; g0ð1Þ ¼ 0;
d2g1
dy2
þ dg1
dy
¼ H0
g1ð0Þ ¼ 0; g1ð1Þ ¼ 0;
d2g2
dy2
þ dg2
dy
¼ H1
g2ð0Þ ¼ 0; g2ð1Þ ¼ 0
8>>>>>>>>><
>>>>>>>>:
ð52Þ(a)
(b)
Figure 5 Time series of the ﬂow velocity with different values of
the distances from the plate y when c ¼ 1:5; c ¼ 0:5;M ¼ 1
/ ¼ 0:5; n ¼ 1; m ¼ 0:5; a ¼ 0:5 are ﬁxed (a) cosine oscillation
and (b) sine oscillation.
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H0 ¼ m d
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and
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dy3
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 ð/ M2Þg1
þ c dg0
dy
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þ 2 dg0
dy
d2g0
dy2
dg1
dy
" #
 c g1
dg0
dy
 2
þ 2 dg0
dy
d2g0
dy2
dg1
dy
" #
ð54Þ
The solution of the above system is
g0 ¼ k0ey;
g1 ¼ 
1
6
e3yk0 k
2
0 cþ cð Þ þ e2y 6M2yþ k20 c cð Þ

þ6y m þ 1þ að Þn /ð ÞÞg;(a)
(b)
Figure 6 Time series of the ﬂow velocity with different values of
the material parameters c when c ¼ 1; y ¼ 0, M ¼ 1
/ ¼ 0:5; n ¼ 0:5; m ¼ 0:5; a ¼ 0:5 are ﬁxed (a) cosine oscillation
and (b) sine oscillation.g2 ¼
1
360
e5yk0f3k40ð15c2  22cc þ 7c2Þ þ e4yð180M4yð2þ yÞ
þ k40ð15c2 þ 6cc þ 9c2Þ  20M2ðk20ðð5þ 3yÞc
 ð1þ 3yÞcÞ þ 18yðn anþ yðm þ ð1þ aÞn /Þ
 2/ÞÞ þ 180yðm þ ð1þ aÞn /Þðð2þ yÞm
þ yðð1þ aÞn /Þ  2ð2anþ /ÞÞ
þ 20k20ðcð3ð3þ yÞm þ 3ð2þ yð1þ aÞ  6aÞn
þ ð5 3yÞ/Þ þ cð3ð1þ yÞm þ 12anþ /
þ 3yðn anþ /ÞÞÞÞ  10e2yk20ð3k20ðc cÞ2
þ 2M2ðð5 9yÞcþ c þ 9ycÞ þ 2ðcð9ð1þ yÞm
þ 3ð2þ 3yð1þ aÞ  6aÞnþ ð5 9yÞ/Þ
þ dðð3 9yÞm þ 12anþ / þ 9yðn anþ /ÞÞÞÞg: ð55Þ
The second order solution is
u ¼ k0ey  1
6
e3yk0fk20ðcþ cÞ þ e2yð6M2yþ k20ðc cÞ
þ 6yðm þ ð1þ aÞn /ÞÞg
þ 1
360
e5yk0f3k40ð15c2  22cc þ 7c2Þ
þ e4yð180M4yð2þ yÞ þ k40ð15c2 þ 6cc þ 9c2Þ
 20M2ðk20ðð5þ 3yÞc ð1þ 3yÞcÞ
þ 18yðn anþ yðm þ ð1þ aÞn /Þ  2/ÞÞ
þ 180yðm þ ð1þ aÞn /Þðð2þ yÞm
þ yðð1þ aÞn /Þ  2ð2anþ /ÞÞ
þ 20k20ðcð3ð3þ yÞm þ 3ð2þ yð1þ aÞ  6aÞn
þ ð5 3yÞ/Þ þ cð3ð1þ yÞm þ 12anþ /
þ 3yðn anþ /ÞÞÞÞ  10e2yk20ð3k20ðc cÞ2
þ 2M2ðð5 9yÞcþ c þ 9ycÞ þ 2ðcð9ð1þ yÞm
þ 3ð2þ 3yð1þ aÞ  6aÞnþ ð5 9yÞ/Þ
þ cðð3 9yÞm þ 12anþ /
þ 9yðn anþ /ÞÞÞÞg:  ð56Þ4. Analysis of results
Fig. 2 shows a comparison between the results obtained using
Eqs. (28) and (29) and the results obtained by Aziz and Aziz [6]
given by Eq. (31) who employed subgroup generated by X3 for
the same problem without oscillation ðx ¼ 0Þ. One can see
from this ﬁgure the accuracy of the solution obtained by the
present method, is very good.
The time-dependent transient oscillating ﬂow, given by Eqs.
(28) and (29) is shown graphically for various pertinent param-
eters in Figs. 3–8. In all these ﬁgures, the time series of the ﬂow
velocity proﬁles are shown for both cosine and sine oscillations
of the wall. Fig. 3 displays the time series of the ﬂow velocity
for different values of the transpiration parameters. In this ﬁg-
ure, three different ﬂow cases are compared such that they cor-
respond to injection ðn < 0Þ, suction ðn > 0Þ and with no
injection/suction velocity ðn ¼ 0Þ for both the cosine and sine
oscillations of the plate. Thus the third grade ﬂuid with injec-
tion ﬂows more faster than the ﬂuid without injection/suction
1240 M. Abdulhameed et al.as well as ﬂuid with suction. This is due to the fact that when
suction velocity is present, we should expect the reverse effect
since the momentum transmitted to the ﬂuid by the plate is
sucked away.
The time series of the ﬂow velocity on the magnetic ﬁeld is
shown in Fig. 4. An applied magnetic ﬁeld tends to decelerates
oscillating phase velocity in the domain away from the plate.
As expected, with increasing the values of M, the amplitude
of the ﬂow decreases due to the fact that the magnetic ﬁeld
provides a resistance force to the ﬂow. Fig. 5 display the time
series of the ﬂow velocity for different distances from the plate.
As can be seen, the velocity amplitude decreases rapidly with
the increase of the distance from the plate while the ﬂow of
the third grade ﬂuid oscillates in the whole domain approxi-
mately in phase with the driving phase movement. The effects
of material parameters cand c in the presence of wall transpi-
ration and magnetic ﬁeld are shown in Figs. 6 and 7. As noted,
the material parameters cand c have opposite behavior of the
velocity ﬁeld. We observe that the amplitude of the ﬂow veloc-
ity increases for large values of cwhereas it decreases for
increasing c.(a)
(b)
Figure 7 Time series of the ﬂow velocity with different values of
the material parameters c when c ¼ 1; y ¼ 0, M ¼ 1
/ ¼ 0:5; n ¼ 0:5; m ¼ 0:5; a ¼ 0:5 are ﬁxed (a) cosine oscillation
and (b) sine oscillation.Fig. 8 illustrates the inﬂuences of porosity of the porous
medium / on the oscillating frequency of velocity proﬁles
for ﬁxed magnetic parameter and time when wall transpiration
shows injection. It is observed that the horizontal velocity
increases with an increase in porosity parameter for both types
of oscillations. A similar behavior was also expected because
an increase in the permeability of the porous medium reduces
the drag force, which tends to enhance the magnitude of the
horizontal velocity. Thus, increasing the permeability parame-
ter / of the porous medium yields an effect opposite to that of
the magnetic parameter M.
The steady-state solution given by Eq. (56), is compared
with time-dependent transient part Eqs. (28) and (29), for dif-
ferent values of time t in Fig. 9. It is seen from this ﬁgure that
time dependent transient velocity decreases with time and ulti-
mately reaches its steady-state value. As noted, the solution for
time-dependent transient problem is in excellent agreement
with the steady-state analytical solution (new modiﬁed homo-
topy perturbation method) at large value of time and choice of
material parameter cc > 1
	 

. Fig. 10 presents the steady-state(a)
(b)
Figure 8 Time series of the ﬂow velocity with different values of
the porosity of the porous medium parameter / when
c ¼ 1:5; c ¼ 1; y ¼ 0;M ¼ 0:5; n ¼ 1; m ¼ 0:5; a ¼ 0:5 are ﬁxed
(a) cosine oscillation and (b) sine oscillation.
Figure 10 Proﬁles of the ﬂow velocity with different values of the
wall velocity parameters k0 when c ¼ 2:5, c ¼ 1:5;M ¼ 1
/ ¼ 0:5; n ¼ 0:5, t ¼ 1; m ¼ 0:5; a ¼ 0:5 are ﬁxed.
Figure 9 Proﬁles of the transient and steady-state ﬂow velocity
with different values of the time t when x¼ 0:5, k0¼ 1;c ¼ 2:5;
c¼ 1:5;M ¼ 0:5, / ¼ 1;n¼0:5;m ¼ 0:5;a ¼ 0:5 are ﬁxed.
The unsteady ﬂow of a third-grade ﬂuid 1241proﬁle for different values of k0. It is observed that the velocity
increases with increasing k0. Clearly, rise in parameter k0
boosts the velocity proﬁles. This is because of the proven fact
that rise in parameter k0 matches the growing in wall velocity
differences for inﬁnite plate.
5. Conclusion remark
Analytical solutions are obtained for the time-dependent tran-
sient and steady-state ﬂow induced by a periodically oscillating
two dimensional inﬁnite transpiration wall with uniform
magnetic ﬁeld, located in a porous medium. The nonlinearsteady-state equations are solved analytically using a new
modiﬁed homotopy perturbation method and the transient
equations are solved using symmetry reductions technique.
Results for the time series of the ﬂow velocity for transient
velocity and proﬁles for steady-state are presented in graphical
form and discussed. It is found that exact solution for transient
problem is in excellent agreement with the steady-state analyt-
ical solution at large value of time. Also, time required to reach
steady state can be achieved for the choice of the material
parameters cc > 1.
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